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for D ,in the first approximation we obtain

b= kd, 2 (bn — dBben + (¢ + DbPYebes = by + ¥ (210)
20— db) B2+ (22)" + (B2)' = 5L b (b + 9, b=1*

For conditions at the shock front we use functions for § = §,. The condition of im-
penetrability at the surface (2.8) for y = y, (b == 0) is baf, / 0 = P, . By speci-
fying for the perturbation front originating in a quiescent gas (p; = y:* = 0) the form
of circle x% + y% == 2 (or of sphere z? + y® | 22 = {2), we find that n = K,
hence £ = d(z4-¢t)and M = k(zF¢).

Thus for deriving the nonlinear equations for small unstable two- and three-dimen-
sional perturbations of a sonic stream or in a quiescent gas it is necessary to use the char-
acteristic variables of the related linear equations of one-dimensional flows. Although
equations in terms of other variables can evidently be used, care must be taken to inter-
pret these correctly, In particular, they can be used for defining flows whose unsteadiness
becomes apparent only in the second approximation. Note that all solutions of the tran-
sonic equation in variables x and ¢ [1] can be rewritten for Egs. (2. 2) and (2. 10), by
reducing these beforehand to the form appearing in [1]. This applies also to transforma-
tions that do not alter the form of the transonic equation (e.g. of that appearing in [4])
as well as the form of conditions at the shock front (or at a characteristic). Finally, a
theorem of uniqueness, similar to that in [4] can be formulated for these equations.
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A generalization is given of the problem on the impression of a circular stamp
when the elastic stamp makes contact with an unbounded elastic layer. Appli-
cation of the Hankel integral transform in the region of the layer and the pro-
perties of generalized orthogonality of eigenfunctions in the region of the cir-
cular cylinder (stamp) permits reducing the problem to an infinite system of
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linear algebraic equations admitting of effective solution by the truncation method.
The classical problem of a rigid stamp impressed into an elastic half-space has
been subjected to generalization in several directions in recent decades. Thus,
the impression of a rigid stamp into an elastic layer has been considered in a num-
ber of papers (see [1], for example), on the other hand, the problem of the contact
between an elastic cylinder and a half-space has been studied in [2]. Finally,the
even more general problem on the impression of an elastic cylinder into an elas-
tic layer has been investigated in [3]. The problem has been reduced to infinite
linear algebraic systems, which are effectively solvable for sufficiently thick lay-
ers, since the solution is expanded in power series of a small parameter, the ratio
of the cylinder radius to the layer thickness, The same problem is reduced in this
paper to infinite systems of a different kind, which are suitable for any ratios bet-
ween the geometric parameters. Results of numerical computations of the stiff-
ness of the system under consideration are presented.

1, Formulation of the problem, Let us consider an axisymmetric problem
on the frictionless impression of an elastic cylinder of radius @ and height L in an elas-
tic layer of thickness H which is at rest on a fixed base (Fig. 1). We introduce the cy-
lindrical coordinates r, @, z and assume that the upper endface of the cylinder is trans-

lated by a quantity w, and the surfaces z = L and
z = —H are under smooth contact conditions,

p (The rest of the body surfaces remain stress free).

It is convenient to go over to dimensionless co-

z

|

Pl LA LA

ordinates by referring all the linear dimensions to
the radius

H
(1) L p=L, a=1, 1=, k=<

a a a

0 a Marking quantities referring to the cylinder with

the subscript 1, and those referring to the layer with

(2) H the subscript 2, we obtain the boundary conditions

of the problem and the matching conditions in the

J7777777 777777777777  following form:

Fig. 1 P,z) =1 (1,2)=0, 0<e<I (1.4)
W (p,l) = wy = ==, T (0,) =0, 0<p<n (1.2)
& (o, —h) =w® (p, —h) =0, 0<p< o (1.3)
@ (p,00=0, 0<p<oo (1.4)
o (p,0) =0, 1<p<ec (1.5)
@0, 0)=0, 0<p<t (1.6)
o (p,0) = o (p,0), 0<p <t (1.7)
w® (p, 0) = w® (p,0), 0<p<1 (1.8)

Here (u, 0, w) are the displacement vector componeats, Gy, 0Op, Ty, are the stress
tensor components, The notation v, , and G, for the Poisson's ratio and the shear mo-
dulus are also used henceforth,
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2. Reduction of the solution to an infinite algebraic system,
The solution for a cylinder is constructed in the form of a series in homogeneous solu-
tions of the problem of deformation of a cylinder with a free side surface for which the
following complex functions are introduced {4, 5]:

er (P) = Jo (Pu)o (Pr0) + 071 (P1)]1 (P1P)

21—
8 (p) = %Jl () Jo (Px)

which have the property of generalized Schiff orthogonality
1

0,
§ lex () 82 (0) + &’ (0) 8¢ ()1 pdp = | _ oN
0 ns
Here p,are roots of the transcendental equation
2 (1 —v,) — p2lJ 2 (p) = p*Jo* (P) (2.2)
where two pairs of complex-conjugate roots of the form

pr = —+ ay + iby, k=1,2,... (apb,>0)

P2 p?

pas (2. 1)

can be set in correspondence with each number % (the elementary solution of the defor-
mation of a cylinder corresponds to the root p, = (). As can be verified directly, in
this problem it is sufficient to examine just roots in the half-plane Re p > 0, hence,
it will later be assumed that

Pr = ah+ ibh, P-p = QG — ibk1 E=1,2,...

Thus the displacements and stresses in the cylinder can be sought as series satisfying
the conditions (1. 1), (1. 2) (the sign of the summation 3’ is extended over all integer
k except zero; the argument p in the functions €,, 8, and their derivatives e,’, §,’

is omitted)
—1 ’ sh p, ({ — z)
W (0,2) =y + Ry — D GO — W= @9

chp,. (I—2)
u® (p, z) = ﬁ;ﬁz C (& + 51:)—0’1‘1—1;;,—
(pﬂk) ch p (I—2)
ch pd
shp (I—7)
% (p,2) = — 2G12 Crex’ pk—(%_p“[—

vip, 33\ ch p, (I — 2)
f—vi | chpd

o (p, 2) = 6 — 2612 Cr

(1) (p,2) = 2G12 Cy (3k + 8" —

The terms corresponding to the numbers £ and —#% in the formulas presented are
complex-conjugates (g, = e_j , etc.).

The solution for a layer can be constructed as a Hankel integral [1]. Let us present
here just the expression for the normal stress and displacement at points of the surface
z=0

6@ (0,0) = fo M) Jo (\p) dA (2.9
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w (p, 0) = SA(W(M Jo0o)dh, 0<p<oo  (2.5)
sh? hh
J) = Wi I~ sh AR ch AR

(conditions (1, 3) and (1.4) are satisfied for such a selection of the solution).
Conditions (1. 5) and (1. 7) can be written as

s (0. 0), 0<p <
a2 (0, 0) = { o 4
~ <p<L o
Hence, recalling the third formula in (2, 3) and (2, 4), we can obtain
AQ) = S 070 (k)3 (0, 0)dp = 0ot (M) + 261 D} G (B (2.9)
Here d
1
o0 (4) = | p7o (Ap) dp @
1]

1 1
ax(h) = — Sio (Ap) (pey) dp = —?vffl (Mp)pei'do, k=41,42...
0 0

The unsatisfied conditions (1, 6) and (1. 8), which become

2G, D Cie'pethpd = 0, 0<p<t (2.8)
k
Gol ’ — (2 ;
w*—iarfrvﬁ'"%Ck(ex—ék)pkthpkl—w“ (. 0), o<e<xt

remain, where w® (p, 0) is determined in terms of the coefficients oy, C, by means
of (2. 5) and (2. 6).

The generalized orthogonality relation (2, 1) permits reduction of the equality (2, 8)
to an infinite system by application of the following method. Multiplying (2. 8), respec-
tively, by the functions v,0? [2G; (1 + vy)I™' and p, subtracting them and integrat-
ing over the section [0, 1] with respect to p , we arrive after some computations at

1

L ) S
Gom+§w(2 (p,0) pdp = 5w

Multiplying (2. 8) analogously by (e,’ + 8, )p and 2G; (pe,')’, subtracting and
integrating, we have 1
2CN npath pul — [ 0 (p,0) (pn) dp = 0, n=1.%2...
0

Taking account of (2. 5) and (2. 6), we arrive at an infinite system of equations after
some formal calculations:

1 G
aoXo+g2boka=7; (g——‘El)
' 2.9
aan"I"ganka:Os n=-41,42,.
; P

Here
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!
DETATW (2. 10)
@n =P Npthpl, n=41,42..

b= (1 —v) [ M) e W) f M) dA; k=0, 14, % 2.

The X sign extends over all integer }; the quantities X, X, are connected with
the fundamental unknowns oy, C} by the relations
c
_. 0o — K E=+4+1,42,..
X"*zalw.’ Xy oy +1.+

Passage to the limit A — 0 or Gy — oo yields
Xo=0o/4% X,=0, n=*tF2...

This result determines the elementary solution of the problem of the compression of a
cylinder by smooth rigid planes

oV (p, z) = 2G; (1 + v)w, /1

There hence results that the system (2. 9) is solvable most effectively for small A (by
the method of iteration for example),

8. Numerical solution, The roots of the characteristic equation (2. 2) needed
for the numerical realization of the solution found were taken from [6] for v, = 0.3 ;
the Bessel functions of complex argument were determined by using the integral repre-
sentation [7]

(2/2)"
Ja&) =FG ) Th)

and the recursion formula

1
: 1
S ft( — tz)'l-’lc dt, Reg>——~
-1
2
Jo(3) = =J1(z) — J2(3)
The quadratures (2. 1) and (2. 7) turn out to be evaluable explicitly

Ny (=9 722 {2753 1) U ) — PaTo () + 8 ()}

oo (A) == %.h(?»)

A 22
o0 (1) = ey (20— w) 1 0) — 5 2T T3 )|+
20270 (1)

E—p2F P22 (p,), n==1,4£2,...

The complex coefficients p,; in (2. 10) for the infinite system (2. 9) were determined
by Simpson's mle, The metnod of reduction was used for the numerical solution on a
BESM-4 computer.

The ratio between the total axial force P and the magnitude of the displacement
of the cylinder upper endface w, can be called the stiffness of the elastic system con-
sidered. The following simple representation for the stiffness

C = P/ wy, = 2nGaX,
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was obtained by integrating the stress o, in the third relationship in (2. 3) over the con-~
tact area,

Table 1

\ 0 1/16 /g 1y /g 1 2 4 8
0 — 131 65.3 32.7 16.3 8.17 4,08 2.04 | 1.02
Yo | 39.9 | 30.6 | 24.8 18.0 14.6 6.78 3.1 1.94 | 0.996
Y2 | 21.0 18.1 15.9 12.8 9.19 | 5.88 3.42 1.86 | 0.974
1 12.0 11.0 10.1 8.72 6.88 | 4.84 | 3.04 1.75 | 0.940
2 8.10 7.61 7.21 6.50 5.42 | 4.07 | 2.72 1.63 | 0.907
00 5.44 5.23 5.02 4.66 4.08 | 8.27 2.34 1.49 | 0.860

Presented in Table 1 are values of the dimensionless quantity ¢ / Gja = 2xX, com-
puted for different values of the geometric parameters for G, = G,,v, = v, = 0.3,

Let us note that the solution of the problem on the elastic contact between a cylinder
and a layer which adheres to a fixed base can also be reduced to an infinite system of
equations of the type (2, 9) and (2, 10), where just the function f(A) (see (2.5)) should
be replaced in conformity with [8] in this case by
BUFp)+40 —v2—@—4w)eHshp

(3 —4w)sh2p + p24-4 (1 — )2 ’

The authors are grateful to B, M, Nuller for valuable remarks expressed during discus-

sions of the research.

fay=1—

p=Ah
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